Abstract. A notion of n-cotorsion pairs in an extriangulated category with enough projectives and enough injectives is defined in this article. We show that there exists a one-to-one correspondence between n-cotorsion pairs and (n + 1)-cluster tilting subcategories. As an application, this result generalizes the work by Huerta, Mendoza and Pérez in an abelian case. Finally, we give some examples illustrating our main result.
Introduction
Motivated by some properties satisfied by Gorenstein projective and Gorenstein injective modules over an Iwanaga-Gorenstein ring, Huerta, Mendoza and Pérez [2, Definition 2.2] introduced the notion of left and right n-cotorsion pairs in an abelian category C . Two classes X and Y of objects of C form a left n-cotorsion pair (X , Y ) in C if the orthogonality relation Ext k C (X , Y ) = 0 is satisfied for any 1 ≤ k ≤ n, and if every object of C has a resolution by objects in X whose syzygies have Y -resolution dimension at most n−1. Dually we can define the notion of a right n-cotorsion pair. If (X , Y ) is both a left and right n-cotorsion pair in C , we call (X , Y ) an n-cotorsion pair. This concept generalises the notion of complete cotorsion pairs. They also showed the following. (1) (X , X ) is an n-cotorsion pair in C .
(2) X is an (n + 1)-cluster tilting subcategory of C .
Recently, the notion of extriangulated categories was introduced in [6] as a simultaneous generalization of exact categories (abelian categories are also exact categories) and triangulated categories. Exact categories and extension closed subcategories of a triangulated category are extriangulated categories, while there are some other examples of extriangulated categories which are neither exact nor triangulated, see [6, Proposition 3 .30], [8, Example 4 .14] and [3, Remark 3.3] . Motivated by this idea, we introduce n-cotorsion pairs in an extriangulated category with enough projectives and enough injectives, for more details, see Definition 3.1. Our main result is the following. (1) (X , X ) is an n-cotorsion pair in C .
Since any abelan category is an extriangulated category, our main result generalizes the work by Huerta, Mendoza and Pérez. Note that any triangulated category can be viewed as an extriangulated category with enough projectives and enough injectives. Our main result seems to be new phenomenon when it is applied to triangulated categories. Corollary 1.3. Let C be a triangulated category. Then for any subcategory X of C and any integer n ≥ 1, the following statements are equivalent:
This article is organized as follows. In section 2, we recall some definitions and useful facts on extriangulated categories. In section 3, we prove our main result and give some examples illustrating it.
Preliminaries
Let us briefly recall some definitions and basic properties of extriangulated categories from [6] . We omit some details here, but the reader can find them in [6] .
Let C be an additive category equipped with an additive bifunctor
where Ab is the category of abelian groups. For any objects A, C ∈ C , an element δ ∈ E(C, A) is called an E-extension. Let s be a correspondence which associates an equivalence class
to any E-extension δ ∈ E(C, A). This s is called a realization of E, if it makes the diagrams in [6, Definition 2.9] commutative. A triplet (C , E, s) is called an extriangulated category if it satisfies the following conditions.
(1) E : C op × C → Ab is an additive bifunctor.
(2) s is an additive realization of E. We will use the following terminology.
Definition 2.1.
[6] Let C be an extriangulated category. 
We usually do not write this "δ" if it is not used in the argument.
then we write it as
and any morphism c ∈ C (P, C), there exists b ∈ C (P, B) satisfying yb = c. We denote the subcategory of projective objects by P ⊆ C . Dually, the subcategory of injective objects is denoted by I ⊆ C .
(5)
We say that C has enough projective objects if for any object C ∈ C , there
Dually we can define C has enough injective objects.
Let C be extriangulated category with enough projectives and enough injectives, and X a subcategory of C . We denote ΩX = CoCone(P, X ), that is to say, ΩX is the subcategory of C consisting of objects ΩX such that there exists an E-triangle:
with P ∈ P and X ∈ X . We call Ω the syzygy of X . Dually we define the cosyzygy of X by ΣX = Cone(X , I). Namely, ΣX is the subcategory of C consisting of objects ΣX such that there exists an E-triangle:
with I ∈ I and X ∈ X . For more details, see [5, Definition 4.2 and Proposition 4.3]. For a subcategory X ⊆ C , put Ω 0 X = X , and define Ω k X for k > 0 inductively by
We call Ω k X the k-th syzygy of X . Dually we define the k-th cosyzygy Σ k X by Σ 0 X = X and Σ k X = Cone(Σ k−1 X , I) for k > 0. Liu and Nakaoka [5] defined higher extension groups in an extriangulated category with have enough projectives and enough injectives as E(A,
for k ≥ 0. They proved the following.
Lemma 2.2. Let C be an extriangulated category with enough projectives and enough injectives. Assume that
is an E-triangle in C . Then for any object X ∈ C and k ≥ 1, we have the following exact sequences:
As a higher version cluster tiling subcategories of extriangulated categories [ (1) X is contravariantly finite and covariantly finite in C ;
Let C be an extriangulated category with enough projectives and enough injectives. Given two classes of objects X , Y ⊆ C and an integer k ≥ 1, the notation E k (X , Y ) = 0 will mean that E k (X, Y ) = 0 for every X ∈ X and Y ∈ Y . In the case where X = {M} or Y = {N}, we shall write E k (M, Y ) = 0 and E k (X , N) = 0, respectively. The right k-th orthogonal complement of X is defined by
Dually, we have the k-th left orthogonal complements ⊥ k Y . It is easy to see that X is an n-cluster tilting subcategory of C if and only if X is contravariantly finite and covariantly finite in C , and
By [9, Lemma, 2.14], we know that if P is a projective object, then E k (P, C) = 0 for any k ≥ 1 and C ∈ C . If I is an injective object, then E k (C, I) = 0 for any k ≥ 1 and C ∈ C . Hence if X is an n-cluster tilting subcategory of C , then P ⊆ X and I ⊆ X . Remark 2.4. Let C be an extriangulated category with enough projectives. If X is a contravariantly finite subcategory in C , then any object C ∈ C , take a right Xapproximation g : X 0 → C. Since C has enough projectives, there exists a deflation α : P → C where P ∈ P ⊆ X . By Corollary 3.16 in [6] , we know that (g, α) : X 0 ⊕P → C is also a deflation. Thus there exists an E-triangle
Since g is a right X -approximation of C, we have that (g, α) is a right X -approximation of C. Dually, let C be an extriangulated category with enough injectives. If X is a covariantly finite subcategory in C . Then for any object C ∈ C , there exists an E-triangle:
where f is a left X -approximation of C.
Main result
Let X be a class of objects in an extriangulated category C . For a nonnegative integer m ≥ 0, an X -resolution of C of length m is a complex
where X k ∈ X for any integer 0 ≤ k ≤ m. The above complex is determined by the following E-triangles:
The resolution dimension of C with respect to X (or the X -resolution dimension of C), denoted resdim X (C), is defined as the smallest nonnegative integer m ≥ 0 such that C has a X -resolution of length m. If such m does not exist, we set resdim X (C) := ∞. Dually, we have the concepts of X -coresolutions of C of length m and of coresolution dimension of C with respect to X , denoted by coresdim X (C).
We define (1) X is closed under direct summands.
(3) For any object C ∈ C , there exists an E-triangle
Dually, we can define a right n-cotorsion pair. If (X , Y ) is both a left and right n-cotorsion pair in C , we call (X , Y ) an n-cotorsion pair in C .
Note that when n = 1, an n-cotorsion pair is just a cotorsion pair in the sense of Nakaoka-Palu, see [6, Definition 4.1].
Example 3.2. Let C be an extriangulated category with enough projectives and enough injectives. It is clear that both (P, C ) and (C , I) are n-cotorsion pair. We will give more examples of n-cotorsion pair in Section 3. Lemma 3.3. Let C be an extriangulated category with enough projectives and enough injectives. For any class X of objects of C , the following holds:
Let N ∈ X ∧ n−1 . Then there exists an E-triangle:
where X n−1 ∈ X and K n−2 ∈ X ∧ n−2 . Apply the functor Hom C (M, −) to the E-triangle (3.1), we have the following exact sequence:
where X n−2 ∈ X and K n−3 ∈ X ∧ n−3 . Apply the functor Hom C (M, −) to the E-triangle (3.2), we have the following exact sequence:
. Inductively, continuing this process, there exists an E-triangle:
where X 1 ∈ X and K 0 ∈ X ∧ 0 = X . Apply the functor Hom C (M, −) to the E-triangle (3.3), we have the following exact sequence:
This shows that M ∈ ⊥ 1 X ∧ n−1 and then
Lemma 3.4. Let C be an extriangulated category with enough projectives and enough injectives, and let X and Y be two classes of objects of C . Then the following statements are equivalent:
⊥ k Y and for any object C ∈ C there exists an E-triangle
where X ∈ X and K ∈ Y ∧ n−1 . Proof. Note that the implication (2) ⇒ (1) is trivial. We show that (1) implies (2) . Assume that (X , Y ) is a left n-cotorsion pair in C . By Lemma 3.1, we have the containments
Thus we only need to prove the remaining containment
Hence g is a split epimorphism and then C is a direct summand X. It follows that C ∈ X implies ⊥ 1 Y ∧ n−1 ⊆ X . Now we discuss the connection between n-cotorsion pairs and (n + 1)-cluster tilting subcategories.
Theorem 3.5. Let C be an extriangulated category with enough projectives and enough injectives. Then for any subcategory X of C and any integer n ≥ 1, the following statements are equivalent:
(1) (X , X ) is an n-cotorsion pair in C .
Proof. (1) ⇒ (2). By Lemma 3.4 and its dual, we have
For any object C ∈ C , there exists an E-triangle
where X ∈ X and K ∈ X ∧ n−1 . Apply the functor Hom C (X , −) to the above Etriangle, we have the following exact sequence:
Since X = n k=1 ⊥ k X , by Lemma 3.3, we have X ⊆ ⊥ 1 X ∧ n−1 and then E(X , K) = 0. This shows that g is a right X -approximation of C, hence X is a contravariantly finite of C .
Dually, we can show that X is a covariantly finite subcategory of C .
(2) ⇒ (1). Now assume that X is an (n + 1)-cluster tilting subcategory of C . Then we have that X is closed under direct summands and that E k (X , X ) = 0 for any integer 1 ≤ k ≤ n.
By Remark 2.4, for any object C ∈ C , there exists an E-triangle:
where g 0 is a right X -approximation of C. Apply the functor Hom C (X , −) to the above E-triangle, we have the following two exact sequences:
Since g 0 is a right X -approximation of C and E k (X , X ) = 0 for any 1 ≤ k ≤ n, we have that
Inductively, continuing this process, there exist the following some E-triangles:
where g m is a right X -approximation of K m−1 and 1 ≤ m ≤ n. Apply the functor Hom C (X , −) to the above those E-triangles, we obtain the following relations hold:
This shows that (X , X ) is a left n-cotorsion pair in C . Dually, we can show that (X , X ) is a right n-cotorsion pair in C . Now we give some examples illustrating our main result. 2 ) has a deflation 0 → N. We can also show that C has enough injectives in a dual manner.
It is straightforward to verify that X := add(M Example 3.7. We revisit Example 3.20 presented in [7] . We denote by "•" in the Auslander-Reiten quiver the indecomposable objects belong to a subcategory. Let Λ be the algebra given by the following quiver with relations:
